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Considering the Cauchy problem for a nonlinear system arising in thermoelastic-
ity, it is proved that its solution develops singularities in finite time depending on
the size and regularity of the initial data. The present work is distinguished from a
previous work by relaxing the requirements on the initial data and allowing for a
slightly more general and nonautonomous forcing term besides permitting the
insertion of gradient terms in both equations of the system.  2001 Academic Press
1. INTRODUCTION
Over the last decades, there has been a large literature on results
concerning local existence, global existence, uniqueness, and large time
behavior of classical solutions to certain initial value problems of nonlinear
Ž . Žthermoelasticity with smooth and small in some norms initial data see
 .11, 1315 . Whereas one fails to prove existence of global solutions for
Ž . Ž  .large initial data in some sense see 13, 7, 8, 10 , recently, S. Mes-
 saoudi 12 showed that, for a particular type of semi-linear thermoelastic
equations, weak solutions collapse in finite time. Here our result improves
Messaoudi’s in that we allow for a more general set of initial data. In fact,
we eliminate a restrictive condition which was crucial in Messaoudi’s
Ž .analysis see comments below . Moreover the class of systems we consider
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is a bit larger since we insert gradient terms of the two unknowns in both
equations. It is worth noting that the blow up result we obtain is proved for
a, suitably constrained, nonlinear nonautonomous forcing term. This is
established by choosing an appropriate functional satisfying all the re-
 quirements of a lemma in 4 . This lemma, which is crucial in our present
treatment, is in fact a compact version of the concavity method of Levine
  Ž  .  8 see 6, 9 . In 5 , the authors have applied this method to hyperbolic
problems with dynamic boundary conditions.
For convenience and completeness we shall report the lemma in ques-
tion with its proof in the next section. Section 3 is devoted to our main
result. In Section 4 a detailed study for a vanishing initial energy is given.
Finally, in Section 5, we give another set of sufficient conditions assuring
collapse in finite time.
We should mention that these results have been largely motivated by
   the work of Levine 8 and Kalantarov and Ladyzhenskaya 4 .
2. PRELIMINARIES
Let us first state the problem. We consider the following one dimen-
sional semi-linear system
u x , t  au x , t  b x , t  du x , t mu x , tŽ . Ž . Ž . Ž . Ž .t t x x x x t	 f t , u x , tŽ . 1Ž . Ž .
c x , t  K x , t  bu x , t  pu x , t  q x , tŽ . Ž . Ž . Ž . Ž .t x x x t x x
with x R, t 0, and
u x , 0  u x , u x , 0  u x ,  x , 0   x , x R.Ž . Ž . Ž . Ž . Ž . Ž .0 t 1 0
2Ž .
The coefficients are such that
a, b , c, K 0 3Ž .
and
d , m , p , q 0.
The set R denotes the set of all real numbers.
Ž .The case of assumption 3 and dm p q 0 has been studied in
 Messaoudi 12 .
We are interested in finding sufficient conditions causing collapse in
finite time for the solution of the above system. As for existence on a
 maximal time interval, uniqueness, and regularity we refer to Slemrod 14 .
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ŽNext we state and prove the basic lemma due to Kalantarov and
 .Ladyzhenskaya 4 which provides the method of proof for our result.
Ž .LEMMA 1. Assume that a twice differentiable, positie function  t
satisfies for all t 0 the inequality
2 2 t  t  1   t 2C  t  t  C  t , 4Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2
where  0 and C , C  0. Then1 2
Ž . Ž . Ž . 1 Ž .a if  0  0,  0     0  0, and C  C  0 we hae2 1 2
Ž . t  as
1   0   0Ž . Ž .1
t t  t  ln , 5Ž .1 2 2 ž /  0   0Ž . Ž .'2 C  C 21 2
2 2' 'where  C  C  C ,  C  C  C ,1 1 1 2 2 1 1 2
Ž . Ž . Ž . Ž .b if  0  0,  0  0, and C  C  0, then  t  as1 2
 0Ž .
t t  t  .1 2  0Ž .
Ž .  Ž . Ž .Proof. If we set  t  t , then it is easy to see using 4 and
 tŽ .
 t  ,Ž . 1 tŽ .
 2
 t   t  t  1   tŽ . Ž . Ž . Ž . Ž .Ž .2 tŽ .
that  is the solution of the second order differential equation
 t  2C  t  C  t  f t  0 for all t 0. 6Ž . Ž . Ž . Ž . Ž .1 2
Thus, for C  C  01 2
t1 t  t  Ž t	 .  Ž t	 .1 2 1 2  t  
 e  
 e     f 	 e  e d	Ž . Ž . Ž .H1 2 1 2
0
 
 e1 t  
 e 2 t for all t 0,1 2
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where 
 and 
 are defined by the system1 2

  
  0Ž .1 2½ 
   
   0 .Ž .1 1 2 2
Clearly, we obtain
1 1
       0   0  0  0Ž . Ž . Ž . Ž .1 1 2 2
1 1
       0   0  0  0.Ž . Ž . Ž . Ž .2 1 2 1
Ž . 1 tWe infer from the signs of 
 , 
 ,  ,  , and the fact  t  
 e 1 2 1 2 1
 2 t Ž .
 e that  t must vanish for some finite time t . Indeed, the function2 1
1 t  2 t Ž Ž ..
 e  
 e vanishes at the time t see 6 and becomes negative1 2 2
Ž .afterwards. This implies that  t  as t approaches t estimated by1
Ž .5 .
Ž . Ž .For the second case b , 6 implies
 t  0.Ž .
By integration we have
 t  0  0 tŽ . Ž . Ž .
Ž .and by definition of  t
1  1 t  0 1  t 0  0 .Ž . Ž . Ž . Ž .
Ž . Ž .Since  0  0 and  0  0, the conclusion of the lemma follows easily.
This completes the proof.
Finally, we shall make use of the -inequality
1
2 2ab a  b , for all a, b R,  0 7Ž .
4
and the fact that for
u H 2 R , u H 1 R ,  H 1 R 8Ž . Ž . Ž . Ž .0 1 0
Ž .u , t and its spatial derivatives up to order 2 are continuous and vanish at
infinity.
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3. BLOW UP FOR NEGATIVE INITIAL ENERGY
Ž .Before stating our first result let us multiply the first equation of 1 by
 u and the second equation by  , then integrate over R 0, tt
 t 2u u  au u  du u mu  u f t , uŽ . 4H H t t t t x x t x t t
 0
 t 4 c  K  pu  q d	 dx 0. 9Ž .H H t x x x x
 0
Ž .We suppose that for fixed t, f t, u is the Frechet derivative of some´
Ž .functional F t, u , so that
d
F t , u  F t , u  f t , u u . 10Ž . Ž . Ž . Ž .t tdt
Ž .Taking this into account, 9 becomes
 1 a c
2 2 2u  u  F t , u   dxŽ .H t x½ 52 2 2
 t 2 2 mu  K  F 	 , u  du u  p u d	 dxŽ . 4H H t x 	 t x x
 0
 1 a c
2 2 2 u  u  F 0, u   dx . 11Ž . Ž .H 1 0 x 0 0½ 52 2 2
Now let
 1 a c
2 2 2E t  u  u  F t , u   dx . 12Ž . Ž . Ž .H t x½ 52 2 2
Ž .Then 11 may be written
 t 2 2E t  mu  K  F 	 , u  du u  pu d	 dx E 0 .Ž . Ž . Ž . 4H H t x 	 t x x
 0
Ž . Ž .In addition to 10 we require f t, u to satisfy
uf t , u  2 1 2 F t , u 13Ž . Ž . Ž . Ž .
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Ž .ŽŽ 2 .12 .for some  14 1 b ac  1 ,
F t , u  2  m F t , u 14Ž . Ž . Ž . Ž .t 2
with  m greater than or equal to the positive root of2
4amc  2  cd2  p2 m 0 15Ž . Ž . Ž .
Ž Ž . .F t, u  0 in case m p d 0 , ort
p2
2F t , u  2  m F t , u  u 16Ž . Ž . Ž .Ž .˜t 2 43
with  the positive root of˜2
4a  2  4am  d 2  0Ž . Ž .
Ž Ž . Ž 2 . 2 .F t, u  p 4K u in case m d 0 . The initial data are, for thet
moment, such that u  0 and0
 2
2u dx u u dx . 17Ž .H H0 0 1m 
Ž .  t pA simple example of f satisfying the above hypotheses is f t, u  e u ,
p 1 with an appropriate constant  .
Ž . Ž .THEOREM 1. Suppose that u , u , and  satisfy 8 , 17 and are such0 1
Ž . Ž . Ž . Ž . Ž .that E 0  0. Suppose further that f t, u satisfies 10 , 13 , and 14 or
Ž . Ž . Ž .10 , 13 , and 16 . Then there exists a positie number T such that

2lim u t , x dx.Ž .HtT 
Ž .  2 Ž .2Proof. Let us introduce  t  H u dx 
 t t where 
 and t 0 0
are to be determined later. Then

 t  2 uu dx 
 t tŽ . Ž .H t 0ž /
and

2 t  2 u  uu dx 
 .Ž . Ž .H t t tž /
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We insert the values of , , and  into the expression
  1  2Ž .

2 2 u  uu dx 
Ž .H t t t½ 5

2
 4 1  uu dx 
 t t .Ž . Ž .H t 0½ 5

By the CauchySchwarz inequality we have
2
uu dx 
 t tŽ .H t 0½ 5

212 12 
2 2 ' ' u dx u dx  
 t t 
 .Ž .H H t 0½ 5ž / ž / 
Applying Holder’s inequality to the right hand side we find
2 
2uu dx 
 t t  u dx 
 .Ž .H Ht 0 t½ 5 ½ 5
 
Therefore
 
2 2  1    2  1 2 u dx 
  uu dx .Ž . Ž . H Ht t t½ 5ž / 
Ž .Next, from the first equation of 1 and an integration by parts we get
  1  2Ž .
  
2 2 2  1 2 u  
  a u dx b u  dxŽ . H H Ht x x½ ž /  
m
  t  uf t , u dx .Ž . Ž .H 52 
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Ž .The -inequality 7 implies
  1  2Ž .
 2 b
2 2 2  1 2 u  
  a u dxŽ . H Ht xž /½ ž /4 1
 m
2  dx  t  uf t , u dx .Ž . Ž .H H1 52 
Ž . Ž .Finally the definition 12 of E t yields
  1  2Ž .
2 b
2 2  1 2 E t  2 a u dxŽ . Ž . H x½ ž /4 1

2 c 1 2    dxŽ . H1

 m
 uf t , u  2 1 2 F t , u dx  
 1 2 . 18Ž . Ž . Ž . Ž . Ž .H 52
Ž . Ž .Assumption 13 simplifies the right hand side of 18 to
  1  2Ž .
2 b
2 2 2 1 2 E t  2 a u dxŽ . Ž . H x½ ž /4 1
 m
2 c 1 2    dx  
 1 2 . 19Ž . Ž . Ž .H1 52
We pick   b28a , so that the coefficient of Hu2 dx vanishes. It is1  x
Ž .now easy to see that the assumption on  in 13 implies the positivity of
Ž .c 1 2   . These considerations imply1
2
  1  Ž . Ž .
m
 2 2 1 2 E t   
 1 2 . 20Ž . Ž . Ž . Ž .½ 52
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Ž . Ž .Case 1. If 14 is satisfied, we differentiate E t and use the inequality
Ž .7 to get

2 2E t  mu  K  F t , u  du u  pu dxŽ . Ž . 4H t x t t x x

  
2 2  m u dx F t , u dx   dxŽ . Ž .H H H2 t t 3
  
2 2 1 d p
2  u dxH xž /4   2 3
or
2 2 1 d p
2E t  2  m E t    a  m u dxŽ . Ž . Ž . Ž . H2 2 x½ 5ž /4   2 3

 2  m F t , u  F t , u dxŽ . Ž . Ž .H 2 t


2    m c  dx . 21 4Ž . Ž .H3 2

Ž .i If m 0 and p d 0, then it is easy to see from the first
Ž . Ž . Ž . Ž .equality of 3.17 that when F t, u  0 we have E t  0. Hence E t t
Ž .E 0 for all t 0.
Ž .ii If m 0 and p d 0, then we can choose    c and pick3 2
Ž .Ž 2 2 . ŽŽ 2 so that 14 d   p   a  0. Clearly   cd 2 2 3 2 2
2 . .12 Ž . Ž . Ž . Ž .p 4ac will do. We obtain E t  2 E t and again E t  E 02
for all t 0.
Ž . Ž .iii If m 0, then we put    m c and choose  such that3 2 2
 m 0 and2
1 d 2 p2
M   a  m  0.Ž .2ž /4   m cŽ .2 2
This can be done as follows. For  m, since m 02
1 d 2 p2
M   a  mŽ .2ž /4 m  m cŽ .2
2 2 2 4amc  m  cd  m  p m  4mc  m ,Ž . Ž . Ž . Ž .2 2 2
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Ž . Ž . Ž . Ž .it suffices to take  as in 15 to obtain E t  2  m E t and2 2
Ž . Ž .consequently E t  E 0  0 for all t 0.
Ž .Case 2. If 16 holds, then we use the expression

2 2E t  mu  K  F t , u  du u  p u dxŽ . Ž . 4H t x t t x x

2 d
2 2  m E t   a  m u dxŽ .Ž . Ž .˜ ˜ H2 2 x4˜ 2
 
2 2   K  dx  m  dxŽ . Ž .˜H H3 x 2
 
 2p
2 2  m F t , u  u  F t , u dx .Ž . Ž .Ž .˜H 2 t½ 54 3
2 Ž .Choosing   K and  m 0 such that d 4  a  m  0,˜ ˜ ˜3 2 2 2
Ž . 2 Ž . 2that is,  is the positive root of 4a   4am  d  0 and assuming˜2
Ž . Ž . Ž .16 , we again obtain E t  E 0 for all t 0.
Ž .Now back to 20 , from which it results
m
2  1    2  1 2 
 2 E 0   .Ž . Ž . Ž .Ž .½ 52
Ž .We choose 
 0 such that 
 2 E 0  0. Thus
  1  2 m. 22Ž . Ž .
Ž .The inequality 4 in Lemma 1 is therefore satisfied with C  0 and2
Ž . Ž .C m2. If m 0, we choose t so that  0  0 and apply part b of1 0
Ž .Lemma 1. The condition  0  0 holds since u  0. It remains to check0
Ž . 1 Ž .that  0 m  0 , that is,
 2
2 2u dx 
 t  u u dx 
 tH H0 0 0 1 0ž /m 
which may be written as a second order inequality in t0
 2
 2
2 2
 t  t  u dx u u dx  0. 23Ž .H H0 0 0 0 1ž /m m 
Ž .An easy computation shows that we may choose t satisfying 23 as long0
Ž . Ž .as assumption 14 holds. See Remark 1 below. All the requirements of
Lemma 1 are now fulfilled and the conclusion follows.
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Ž . Ž .Remark 1. Observe from 23 that the condition 17 can be weakened.
In fact we only need to choose 
 such that
2  m 2
2u dx u u dx  
2 E 0 .Ž .H H0 0 12 m  
Remark 2. The escape time is estimated according to Lemma 1 as

2 u u dx 
 tH 0 1 0ž /1 T  t  ln2  m 2 22 u u dx 
 t m u dx 
 tH H0 1 0 0 0ž / ž / 
and when m 0, the second part of Lemma 1 applies giving

2 2u dx 
 tH 0 0
T  t  .2 
2 u u dx 
 tH 0 1 0ž /
Ž . Ž Ž .Remark 3. It is of interest to note that even when E 0  0 E 0  0
.   Ž   .  in case m p d 0 , if u or  grows unboundedly then u2 2 2x
Ž . Žmust blow up in finite time. This follows from 19 by taking   11
. Ž .  22 c. The hypothesis on  in 13 implies that the coefficient of H u dx x
Žis positive. After a certain time which then can be considered as the new
.starting time the expression
2 b
2 1 2 
 2 E 0  2 a u dxŽ . Ž .Ž . H xž /4 1
Ž . Ž .becomes and remains positive yielding 22 .
Ž . Ž . Comments. For f t, u  f u  u ,  1, and dm p q 0
  Žwe find the system in 12 . The argument above works see Remarks 1, 2,
Ž ..and 13 for the same values of  . But here we do not impose the
  condition H u u dx 0 as in 12 since it will always be possible to 0 1
choose t satisfying Hu u dx 
 t  0. Observe that in this case0  0 1 0
Ž .assumption 17 disappears.
Ž  .The following proposition which is due to Levine and Sacks 9 shows
that we can find sufficient conditions under which initial data provide
negative initial energy.
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Ž .f u Ž .PROPOSITION 1. Suppose that lim  lim g u , uu u 0u
1Ž . 2Ž . 2Ž .H R , u  L R , and   L R . Then there exists a sufficiently large 1 0
Ž .such that E u , u ,   0.0 1 0
Ž .Proof. Suppose for contradiction that E u , u ,   0 for all  1.0 1 0
Then by the definition of the energy
  2 1
2 2 2F u dx u dx u  c dxM ,Ž . Ž .H H H0 0 x 1 02 2   
where M is a positive constant independent of . But
1
F u dxŽ .H 02 
1 u0 f s ds dxŽ .H H2 ž /  0
 1 u02 u sg s ds dx, when .Ž .H H0 2 2ž / u 00
Ž . u Ž .Here we have used F u  H f s ds. This is a contradiction.0
4. BLOW UP FOR VANISHING INITIAL ENERGY
In this section it will be clear that for vanishing initial energy we can
Ž .obtain blow up in finite time even when condition 17 is violated.
Ž .THEOREM 2. Suppose that the hypotheses of Theorem 1 hold with E 0
 0.
mŽ . Ž . Ž .  i If  0   0 , then u blows up in a finite time.2
mŽ . Ž . Ž .  ii If  0   0 , then either u blows up in a finite time or2
else
m t2   u  u e for all t 0. 24Ž .2 20
mŽ . Ž . Ž .  iii If  0   0 , then either u blows up in a finite time or2
else
m t2   u  u e for all t 0. 25Ž .2 20
Ž .Proof. For E 0  0 we can take 
 0.
Ž . Ž .i This follows readily from 20 and Lemma 1 with C m2 and1
C  0.2
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mŽ . Ž . Ž . Ž .ii Letting H t  ln  t  t, we note that the condition  0
m Ž . Ž .  0 implies H 0  0.
 Ž .A glance at the proof of Lemma 1 gives 
  0, 
  0 , and1 2
Ž . Ž . Žm . t Ž . Ž . t  0 e , which in turn yields H t H 0 . Consequently, ei-
Ž . Ž . Ž .˜ ˜ther H t H 0 or else H t  0 for some t 0. In the latter case we
obtain blow up from Theorem 1 since the argument there is applicable for
mŽ .˜ ˜t and the collapse occurs at a time t  t. In the former case, ln  t  t1 
Ž . Ž . Ž . Žm . t ln  0 for all t 0, implying  t  0 e for all t 0.
mŽ . Ž . Ž . Ž .iii If  0   0 , then H 0  0. It follows, by continuity, that
Ž .ˆ ˆif there does not exist a finite time t such that H t  0, then we may
Ž . Ž . Ž .ˆ ˆassume that H t  0 for all t 0. By ii , H t  0, for some finite t,
mŽm . tŽ . Ž . Ž . Ž .may lead to  t  0 e from which we infer  0   0 . This
 is a contradiction. Hence there only remains the collapse of u at a2
finite time.
Ž . Ž . Ž .If H t  0 for all t 0, then H t H 0 for all t 0. This means
    Žm2 . tthat u  u e for all t 0. The proof of the theorem is2 20
complete.
Ž . Ž .Remark 4. If m 0 then in case ii ,  t  0 and on the other hand

 t  2 2 1 2 E t  uf t , u  2 1 2 F t , u dxŽ . Ž . Ž . Ž . Ž . Ž .H½ 
2  b
2 2 2 a u dx c 1 2    dxŽ .H Hxž /4  

2 2 1  u dx .Ž .H t 5
Ž . Ž .So that for  c 1 2 and  as in 13 we get from the previous
inequality Hu2 dx Hu2 dx and this implies u u  0. Thus, either t  x 0
the solution blows up or else it coincides with its initial value which must
Ž .vanish. If m 0 in case iii , then we can see that either the solution blows
2 Ž .up or else it is uniformly bounded in the L -norm for all time .
Ž . Ž .5. AN ALTERNATIVE TO CONDITIONS 14 AND 16
Ž . Ž .In this section we are going to see that conditions 14 and 13 may be
replaced by the condition
F t , u  0, for all t 0. 26Ž . Ž .t
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Indeed, with minor changes in the hypothesis of Theorem 1, namely
uf t , u  2 1 2 F t , u 27Ž . Ž . Ž . Ž .
Ž .Ž 2 .12for some  14 1 b ac ,
 2 2
21 u dx u u dx 28Ž .H H0 0 1ž /m m 
for some  to be determined later, and
 m 2 1 aŽ .
2 2 2E˜ 0  u  u  u u  uŽ . H 0 1 0 1 0 x½ 2 2 2
c
2F 0, u    0, 29Ž . Ž .0 0 52
we can prove the
Ž . Ž . Ž . Ž .THEOREM 3. Assume that conditions 8 , 10 , and 26  29 are satis-
fied. Then the conclusions of Theorem 1 and Theorem 2 hold.
Proof. We introduce the new functions
 t  e tu t and w t  e t t .Ž . Ž . Ž . Ž .
Ž . Ž .Then  t and w t satisfy the system
˜  a  bw  d  m 2   m     f t , Ž . Ž . Ž .t t x x x x t 30Ž .½ cw  Kw  b   b p   qw  wŽ .t x x x t x x
with
 x  u x ,  x  u x  u x ,Ž . Ž . Ž . Ž . Ž .0 0 1 1 0 31Ž .
and w x   x ,Ž . Ž .0 0
˜  t  tŽ . Ž .where f t,   e f t, e  .
We want to show that Theorem 1 applies for this system. In fact the
proof of Theorem 1 carries through almost unchanged. Thus we only
mention the main differences.
The appropriate energy is
 m  1 a cŽ .
2 2 2 2˜ ˜E t         F t ,   w dx ,Ž . Ž .H 1 x½ 52 2 2 2
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˜ 2  t  tŽ . Ž .where F t,   e F t, e  . Next we want to check the requirements
Ž .of Theorem 1 for system 22
˜  t  t 2 t ˜Ž . Ž . Ž . Ž . Ž . Ž .a f t,   e ue f t, u  e uf t, u  2 1 2 F t, 
Ž . Ž . Ž .b from 26 and a , we have
˜ 2  t  t ˜ ˜F t ,   e F t , e    f t ,   2F t , Ž . Ž . Ž . Ž .t t
˜ ˜  f t ,   2F t , Ž . Ž .
˜ ˜ 2 1 2 F t ,   2F t , Ž . Ž . Ž .
˜ 4F t ,  .Ž .
Ž .To fulfill assumption 14 it suffices to pick  such that
  	 m 2 , 32Ž . Ž .2
Ž 	 .where  m is greater than or equal to the positive root of the second2
order polynomial
22 24mca   d c m  b p .Ž . Ž . Ž .
Ž .Note that this polynomial depends on  , yet 32 is possible. Indeed, from
Ž .27 it suffices to choose  greater than or equal to the positive root of the
polynomial
m b2  16 2ac  2  2 bpm d 2c  p2 m.Ž . Ž .
This is found after an easy computation. The conclusion of Theorem 3
    Žm2 . t Ž .     Žm2 . tholds with u  u e in ii and u  u e in2 2 2 20 0
Ž .iii . This completes the proof.
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